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The crater diameter (D) vs. cumulative frequency 
occurrence (N) f o r  lunar craters can be described by equa- 
s ions of the  form 

B N = A D  
/ 

w i t h  the constants A,B empirically determined fryd 'actual  
counts of craters. In  R'or highland 
regions i n  the Boston 
have been used t o  determine the  
however, t h a t  a s ing le  set  of 
describe the cumulative d is t r ibu t ion  ction. Two sets 
of constants are required, t h e i r  avdage  value f o r  a normal- 

/ ized area (106 km) being: ,,' 
/ 

A '  B 

D 7 4 0  Km 30,350 -2.392 

D 4 4 0  Km /' ,,' 9,035 -1,263 
,' 

Previous s ta t i s t ica l  ,descriptions of t he  highland regions 
are shown t o  be seryously inadequate. 

t h a t  the m o s t  logical manner of rec t i fy ing  
that some very large 

i n  the crater counts. This 
t h e t i c a l  r e c t i f i e d  cumulative d is t r ibu t ion  

t o  106 Km2) of 

A = 8,819 

B = -1.2269 

leads t o  an 

/ 

ar surface formations should be able t o  
-segment cumulative d is t r ibu t ion  function, 

f r o m  an i n i t i a l  one-segment function t o  

p l i T f f G  D 
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Introduction 

The most d i s t inc t ive  feature of the surface of the 

moon, when viewed with even small magnification, is the 

abundance of craters .  These c ra te rs  were observed first 

by Galileo Gal i le i  i n  1609 and many observers since then 

have observed, named, and cataloged the v i s ib l e  craters .  

The ear ly  astronomers thought the c ra te rs  t o  be volcanic 

domes because of a cer ta in  resemblance t o  t e r r e s t r i a l  vol- 

canoes. Current thought, however, holds that tire c ra t e r s  

are ent i re ly ,  or  almost so, the r e su l t  of explosive impacts 

of meteors. (1) 

Despite the long standing in t e re s t  i n  lunar craters ,  

only recently have steps been taken t o  gather the systematic 

data needed t o  explain the i r  origins. Detailed and accurate 

counts of c r a t e r  s i ze  versus frequency of occurrence have 

been made only i n  the l a s t  5 years. 

are  not f u l l y  sat isfactory.  The uses  of s t a t i s t i c s  of c ra te r  

Such counts even now 

s i ze  and frequency are  threefold. F i r s t ,  by themselves they 

provide an additional and u s e f u l  description of the lunar 

surface. Second, they provide a basis  for  extrapolation of 

known surface features.  This extrapolation, together with 

data from radar and other means, w i l l  be v i t a l  i n  guiding 

lunar exploration i n  the next few years. And f ina l ly ,  any 

theory of c ra t e r  formation must be tes ted  against  the s ta-  

t i s t i c s  of the c ra te rs  t o  see i f  it can account for the ob- 

served surface features. 
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There are  liwo d i s t inc t  types of lunar  surface v is ib le  

through telescopes and on photographs. These are cal led 

highlands and maria because of t he i r  v i sua l  appearance, The 

maria are regions with re la t ive ly  f l a t  surfaces, few mountain 

ranges, and generally sharply defined craters .  The high- 

lands contain mountain ranges and the larger  c ra te rs  are  

often somewhat indis t inct ,  the  w a l l s  being broken down i n  

many places, There are  many more c ra te rs  i n  the highlands 

regions than i n  the maria, The c ra te r  s t a t i s t i c s  for  the 

highlands are quite d i s t inc t  from those for  the maria. This 

report  w i l l  deal only with the s t a t i s t i c s  of the highland 

areas. 

The S t a t i s t i c a l  Methods 

S t a t i s t i c s  are developed for  those highland areas in- 

cluded i n  the area of the Boston University Catalog of Lunar 

Craters, Specif ical ly  the area used is t h a t  area surveyed 

i n  Catalogs I, I1 and III, (2) 

plates  C5, C6, and C7 of Kuiper's Photographic Atlas of the 

Moon. (3)  The t o t a l  area surveyed is .68 x 10  square m i l e s ,  

or 2 percent of the moon's surface. This accounts for  about 

3 percent of the highland area and includes almost 2000 

c ra te rs  of diameter greater than 1 kilometer. 

This area is contained i n  

6 

Previous authors ( O ~ i k ' ~ ) ,  Sh~ernaker '~)  McGillem and 

M i l l e r  '6) ) have observed t h a t  lunar c ra te rs  obey a diameter- 
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frequency relat ionship of the form 

(1) 
B N = A D  

where N is the  number of craters larger  than a given 

diameter D , and A,B are constants determined from ac- 

t u a l  crater counts. We c a l l  this the cumulative distribu- 

t i o n  function fo r  luna r  craters .  It is also often referred 

t o  i n  the form 

log N = log A + B log D 

Equation (1) gives a s t r a igh t  l i n e  when plot ted on f u l l  

logarithmic graph paper, while equation (2) yields a s t r a igh t  

l i n e  on r e c t i l i n e a r  graph paper. 

Different ia t ion of equation (1) with respect t o  di- 

ameter gives us  the crater density function 

B-1 B A D  p = d D =  

o r  al ternately,  i n  the logarithmic form, 

(3) 

where P is the c r a t e r  density. The number of craters hav- 

ing diameters between D and D + dD is then 
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N u m b e r  =: P(D)  Q dD = B A D  dD 0 (5 1 

P is called the densi tx  dis t r ibut ion function fo r  lunar 

craters, and D , i n  equations (1) and (2) ,  is the cumula- 

t i v e  d is t r ibu t ion  function, 

i The density d is t r ibu t ion  function (3) o r  (4) is 

usually the more convenient of the functions t o  use i n  any 

mathematical analysis of lunar craters (.e ,g, predicting 

theore t ica l  intersect ion frequencies f o r  craters. (7) )  How- 

ever, actual  crater counts t o  determine A and B m u s t  

deal with f i n i t e  samples yielding integer numbers,, 

numbers are often small (par t icular ly  a t  large diameters) re- 

su l t i ng  i n  a good deal of s ta t is t ical  fluctuation from one 

sample area t o  another, 

randomly scattered over the lunar surface, then the expected 

s ta t is t ical  deviation of any given counted number of craters 

M w i l l  be proportional t o  Jw. BY f i t t i n g  the cumulative 

d is t r ibu t ion  function t o  the data we can cause N t o  in- 

These 

If  craters are regarded as being 

crease rapidly, thus decreasing the r e l a t ive  error.  This 

amounts t o  a smoothing the s ta t is t ical  fluctuations of the 

data by integration, and the density d is t r ibu t ion  function 

can then be obtained by d i f fe ren t ia t ing  the smoothed function, 

While smoothing the crater counts by integration has 

the advantage of minimizing s ta t is t ical  fluctuations,  there 
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are two inherent d i f f i c u l t i e s  i n  the method. The first dif-  

f i c u l t y  is that s ign i f i can t  f luctuat ions i n  density may be 

hard t o  recognize because of the smoothing. The second is 

that any e r r o r  i n  t h e  count a t  la rge  diameters (and hence 

small cumulative numbers) w i l l  be car r ied  through a l l  subse- 

quent data  points f o r  smaller diameters. When f i t t i n g  the 

data  t o  a density d i s t r ibu t ion  function some l oca l  smoothing 

is still  required because of the  f i n i t e  number of c r a t e r s  

counted. For example, 2 craters might be found a t  84 k m  

diameter, 0 a t  85 km, and 1 a t  86 km diameter. W e  would not  

then want t o  say that  P(D)  is 0 a t  D = 85. The scheme of 

smoothing used is discussed below, i n  "Results." 

In  this study the Boston University punched card 

catalog of lunar craters has been ordered by diameter and 

crater counts made f r o m  these cards, The data  has been f i t t ed  

t o  both cumulative and density d i s t r ibu t ion  functions by the  

method of least squares. The actual  f i t t i n g  w a s  accomplished 

by means of a cgnputer program wr i t ten  f o r  an IBM 7094 com- 

puting system, and the  f i t t i n g  w a s  made t o  the logarithmic 

form i n  both cases. 

The program calculates  the constants A,B, plus an 

estimate of the accuracy of B using Student 's  t tes t  a t  

a 99% confidence leve l ,  

the  data  points, so t h a t  the estimated crater counts, to- 

gether w i t h  their estimated s ta t i s t ica l  errors ,  can be com- 

pared w i t h  actual  counts, The s ta t is t ical  methods employed 

A backsolution is a l s o  performed on 
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are discussed more f u l l y  i n  most texts on statistics o r  re- 

gression analysis.  See, for example, Goulden(8), Methods of 

Reqression Analysis, Chapter 5. A sample of the output from 

the computer is shown i n  f igure 1. 

Fiqure 1 

C-5 Normalized 

P = -,I58304923 + 01 X + .42915931E + 01 - + ,23370014E-00 

X Y XL YL YLE YLD 

4,OOOE-00 1086IB+03 6.020593-01 3,269863-00 3.338503-00 1.1863-01 

8,0003-00 6.1393+02 9.030893-01 2.788153-00 2.861953-00 1.2923-01 

X = D i a m e t e r  

Y = Cumulative Number/Density 

= = Los,, x 
" = L O g 1 * Y  

YLE = Estimated YL 

YLD = Estimated S t a t i s t i c a l  e r r o r  i n  YLE 

+ = Estimated error i n  coefficient B - 



-8- 

Results 

The data obtained from crater counts of areas on plates 

C5, C6 and C7 are displayed d i r ec t ly  i n  f igures  2, 3 and 4 re- 

spectively, Crater counts have been normalized t o  an area of 

10 

Immediately noticeable is the f a c t  t h a t  the points do not  f o r m  

6 2  Km , with the un-normalized counts l i s t e d  i n  Appendix A, 

one s t r a i g h t  l ine ,  but s e e m  t o  form t w o  s t r a i g h t  l i n e s  which 

i n t e r sec t  between 35 and 50 km diameter, 

When a s ingle  equation of the form (1) or (2 )  is fitted 

t o  these sets of data, the constants A,B given i n  Table E 

are obtained, This equation is the dashed l i n e  i n  f igures  

2, 39 40 

Area 

c5 

C6 

c7 

A 

19,570 

19,630 

13,675 

Table I 

B 

-1,5831 

-1.5889 

-1.4527 

Dev* 

,13391 

,27311 

.04461 

*Sum of log deviations squared, ioe., 

dev = (log N actual  - log A - B log D)  2 
D 

Two sets of constants 

however, by f i t t i n g  the cumulative d is t r ibu t ion  function (34 

A,B can be obtained f o r  each plate ,  

or  (2) t o  each l i n e  segment separately. The r e s u l t s  of a two- 

segment fit of the  equation are given i n  Table XI, and the seg- 
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ments are the so l id  l i nes  i n  figures 2, 3, 4. 

Table I1 

Area Large D i a m e t e r  Small D i a m e t e r  Dev* 

A B A B 

c5 19,603 -2.7354 11,640 -1.3757 . 02877 

C6 1,456,186 -2.6973 7,185 -1.17 68 . 01581 

C? 41,lQc; -1,7420 8,280 -1.23?9 * 00851 

*See Table I. 

The density d is t r ibu t ion  data is displayed i n  Figures 

5, 6 and 7 .  

diameter, loca l  smoothing has been employed. For densi t ies  

ir, the diameter range 20 - 60 km, densi t ies  are averaged over 

a 10 km increment centered on the given diameter. For c ra te rs  

i n  the diameter range 11 - 15 km, a 3 k m  increment is used. 

Craters i n  the range 3 - 10 km use a 1 km averaging increment. 

Then, i n  a l l  cases, density = (craters)/(increment) . Densi- 

ties f o r  diameters greater  than 50 k m  have not been used, be- 

cause the number of craters i n  t h i s  s i z e  range is too s m a l l  

t o  give meaningful numbers. 

To obtain the  measured density a t  each crater 
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Cumulative Distribution Functions 

Figure 2: Area c5 

Figure  3: Area C6 

‘Figure 4: Area c7 
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TABU I11 

Density Distribution Function 

Area B -  1 B 

c5 -2.2842 -1.2842 

C6 -1,9612 -0.9612 

c7 -2,2481 -1.2481 

Tk?e c?P,mity f ~ ~ ~ t i c ? n s  seem t o  exhibit "fine-structureGe ,o 

par t i cu la r ly  toward the smaller diameters, as can be seen i n  

f igures  5 ,  6 and 7 ,  Examination of the estimated dens i t ies  

and estimated e r ro r s  indicates that t h i s  * I f  ine-structure@@ 

may not be j u s t  s ta t i s t ica l  variance. On the basis of the 

s l i g h t  information available, however, no special s ign i f i -  

cance can be attached t o  these density var ia t ions,  

Comparison with Previous R e s u l t s  

The crater counts and resu l tan t  statistics developed 

i n  this report d i f f e r  s ign i f icant ly  f r o m  crater statist ics 

published by previous authors, par t icu lar ly  Opik, Shoemaker, 

and M c G i l l e m  and M i l l e r ,  There are t w o  important differences,  

The first disagreement is i n  the numerical values obtained 

for A,B. These are contrasted i n  Table IV, 
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Density Distribution Functions 

Figure 5: 

Figure 6: 

Figure 7: 

Area 
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TABLE IV 

Authority A 

Opikf 1,563 

Shoemaker** 1,259 

M c G i l l e m  & M i l l e r  28,770 

Present R e p o r t :  

1 segment (avg. 1 17,625 

2 seg, small d ia  (avg.) 9,035 

B 

-1.50 

-1.60 

-1.70 

-1.53 

-1.25 

*Opik's data f i t t e d  by Friesen. 

**Shoemaker's data f i t t e d  by M c G i l l e m  & M i l l e r  

The second difference is i n  the general shape of the  

cumulative d is t r ibu t ion  function. 

two d i s t i n c t  segments for  the cumulative d is t r ibu t ion  function, 

while earlier authors e i the r  do not f ind t h i s  feature o r  do 

no t  a t tach significance t o  it. 

The present report observes 

Of the previous work, the counts developed by Opik (4) 

present l i t t l e  problem. H i s  o r ig ina l  data w a s  drawn from a 

sample containing largely maria, or  lowland regions. Much 

of the  work w a s  based on lunar maps, supplemented by a photo- 

graph. As with the work of Shoemaker, the difference i n  sta- 

tistics is due t o  the d i f fe ren t  area of lunar surface being 

studied. 
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The work of Shoemaker (5) is concentrated exclusively 

i n  the lunar maria. The difference i n  Shoemaker's s t a t i s t i c s  

f o r  the maria and the present repor t ' s  s ta t is t ics  for  the 

highland regions is a confirmation that the apparent differ-  

ence between maria and highland extends t o  crater statistics,, 

There is no contradiction implied by the d i f fe ren t  s t a t i s -  

tics . 
M c G i l l e m  and M i l l e r  (6), however, examined the high- 

land regions as w e l l  a s  the maria. Their examination of the 

highland regions includes an area i n  common with the present 

work - the Maurolycus region i n  area C 7 ,  Moreover, their ex- 

amination is based on the same photographs (the K u i p e r  Photo- 

graphic Lunar A t l a s )  as is the present study. Although 

M c G i l l e m  and M i l l e r  describe t h e i r  data by a s ingle  segment 

least squares f i t t e d  cumulative d is t r ibu t ion  function, t h e i r  

data points deviated by as much as 25% from the mean values 

(contrasted t o  deviations generally less than 5% i n  the pres- 

e n t  work). Nor does a scattergram of t h e i r  data indicate 

t h a t  the  deviations may be due t o  the  existence of two seg- 

ments i n  the cumulating d is t r ibu t ion  curve; rather,  the points 

l i e  about the l i n e  a t  random. M c G i l l e m  and M i l l e r  present 

t h e i r  c r a t e r  counts as cumulative numbers f o r  4, 8, 16, 3 2  

and 64 Km diameters. There is no indication of the  degree 

of fineness t o  which diameters w e r e  actual ly  measured, Nor 
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is their data analysis open t o  checking a t  t h i s  t i m e  s ince  no 

records w e r e  kept of the craters  chosen for  the s t a t i s t i c s .  

I n  the present work diameters of a l l  individual craters  

i n  the sample areas w e r e  measured, so t h a t  cumulative crater 

counts could be made a t  many diameters. This allows f i n e  de- 

t a i l  i n  the cumulative distribution function t o  be examined 

closely. Because the s t a t i s t i c s  available from the Boston 

University Catalog of Lunar Craters are s t r ikingly consistent 

and of good acccrtiey, it w i l l  ?x? ass.rltd that the differences 

between these s t a t i s t i c s  and M c G i l l e m  and Miller's statis- 

tics is due t o  a lack of de ta i l  and accuracy i n  the l a t t e r  

statistics. 

Interpretation of Results 

The two segment s t a t i s t i c a l  description of the data is 

the most accurate description of the lunar c ra te r  counts. 

A one segment l ea s t  squares f i t t e d  l ine for the same data 

yields an overestimation of the cumulative number of craters  

a t  4 km diameter by about 3036. The one segment overestimation 

a t  diameters of 80 k m  is almost 5036. The two segment dsscrip- 

tion, however, gives a predictive error  of less than 5% 

throughout the range of diameters from 4 k m  t o  80 km. 

displays the sum of log deviations squared for  both one and 

two segment l eas t  squares f i t s .  The comparison shows tha t  the 

two segment equation reduces the s u m  of log deviations by al- 

most a factor of 10. 

Table V 
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TABLE V 

Sum of Log Deviations Squared 

Area 

c5 

C6 

c7 

One Segment Two Segment 

.13391 . 02877 

. 27311 

. 04461 
.01581 

. 00851 
Any meaningful extrapolation of crater statistics - 

below the diameter of the smallest observable craters (about 

2 Km dia.) must use the small diameter equation of the two 

segment description. At diameters of one kilometer, the one 

segment equation estimates a crater density twice as great 

as the two segment equation, and the overestimation becomes 

worse as the extrapolation is pushed to smaller diameters. 

There is, however, reason for expecting a one segment 

(9) , cumulative distribution function. Several authors (Baldwin 

Shoemaker ('I) have suggested that crater diameters should be 

proportional to the energy of the meteoroids which create 

them, and hence proportional to the meteoroids' mass. 

and others have examined meteoroid mass distributions and 

(101 Hawkins 

found no evidence of a two segment mass distribution. 

The two segment equation can be rectified by adding 

small craters to the crater count, thus raising the small 

diameter counts, or by adding large craters and raising the 

large diameter crater counts, or by a combination of the 
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two, This corresponds t o  saying tha t  between the t i m e  of 

observation, some agency has created a deficiency i n  e i ther  

small craters, or large ones, or both very small and very 

large ones, 

A t  l eas t  two agencies can cause a deficiency i n  small 

craters: (1) Loss of craters i n  observation due t o  small 

s ize ,  (2 )  Destruction of small craters  due t o  the creation 

of larger ones. 

A t  crater  diameters of 1 or 2 kilometers, there is 

obviously a loss  of craters i n  observation. To compensate 

for  t h i s  effect ,  no craters smaller than 4 kilometers have 

been used in  developing the crater  s t a t i s t i c s .  Craters of 

t h i s  s ize  should be readily vis ible  on the photographs used. 

Moreover, there is no apparent drop-off i n  e i ther  the crater  

density or cumulative count as  the 4 kilometer l i m i t  is a p  

proached. 

A calculation has been made t o  determine the change 

i n  the cumulative distribution function i f  small craters  

are added t o  the cumulative c ra te r  count i n  proportion t o  

the area occupied by the larger craters.  The change i n  the 

cumulative distribution counts is small, being less than 5% 

of the counts, Thus, neither of these mechanisms for the 

loss  of small craters is s u f f i c i e n t  t o  rec t i fy  the two- 

segment curve. 

I t  is also possible to  m i s s  very large craters  i n  the 

counting procedure, for  several reasons. The large craters  
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may have old and broken down w a l l s ,  t o  the extent  t h a t  the 

remaining perimeter does not m e e t  the crater acceptance cri- 

teria. There are several  formations whose type is i n  dispute;  

formations ca l led  lawalled plains" may be very large craters,, 

In  the highlands regions curved "mountain chains" which l i e  

i n  arc segments may w e l l  be remnants of the w a l l  of a very 

ancient and large crater. It is not l i k e l y  t h a t  very many 

such la rge  craters would go unnoticed i n  any given area, but 

only a f e w  would be needed to  r e c t i f y  the cumulative dis t r ibu-  

t i o n  curve. 

The addition of 4, 7 and 6 craters with diameters 

grea te r  than 80 kilometers i n  the unnormalized sample areas 

of C5, C6 and C7 respectively rectifies the cumulative dis- 

t r i bu t ion  function, The r e c t i f i e d  cumulative d i s t r ibu t ion  

functions are shown i n  f igures  8, 9 and 10. The resu l tan t  

least squares f i t t e d  parameters are given i n  Table V I .  

TABLE V I  

Craters (D780 Km) 
Added t Rectify % Two Segment 

Area Recti f ied Small D i a .  (per 10 km2) 

A B A B 

c5 9,772 -1,2642 11,639 -1 0 3757 26 

C6 7,692 -1.1627 7,185 -1,1768 26 

c7 8,994 -1.2556 8,280 -1.2370 28 
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Rectified Cumulative Distribution Functions 

Figure 8: Area 

Figure 9: Area 

Figure 10: Area 

c5 

C6 

c7 

. 
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The r e c t i f i e d  cumulative d i s t r ibu t ion  functions con- 

s t a n t s  A,B are i n  c lose agreement with the values of A,B 

f o r  the small diameter two segment equation, The r e c t i f i e d  

values of B a l s o  correspond closely t o  t h e  values obtained 

f o r  B from the density d i s t r ibu t ion  function (Table 111). 

These close agreements suggest t h a t  the r e c t i f i e d  cumulative 

d i s t r ibu t ion  equations of Table VI are the best estimates fo r  

a hypothetical one-segment cumulative d i s t r ibu t ion  function. 

Acknowle dcpnent : 

The work reported here was done i n  p a r t  a t  The Compu- 

t a t i o n  Center, Massachusetts I n s t i t u t e  of Technology. 



-18- 

REFERENCES 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

Baldwin, Ralph B., The Face of t h e  Moon, Univ. of Chicago 
Press, 1949. 

Hawkins, Gerald S., and P. W. Mitchell, Catalog of Lunar 
Craters I, I1 and 111, Lunar Crater Project, R e p o r t s  
4, 5, 8 ,  NoV. 1962, Feb. 1963, Nov. 1963, NASA G246-62. 

Kuiper, G. P., ed., Photographic Lunar A t l a s ,  Univ. of 
Chicago Press, 1960. 

Opik, E. J., The Lunar Surface as an Impact Counter, 

Shoemaker, E. M., R. J. Hackman and R. E. Eggleton, "In- 

Monthly Notices Roy- Astron. SOC., 120 (51, 404-411, 1960. 

terplanetary Correlat ion of Geologic Time" i n  Advances 
i n  Astronautical Sciences, - E ) ,  Plenum Press, 1963. 

M c G i l l e m ,  C. D., and B. P. M i l l e r ,  Lunar Surface Rough- 
ness f r o m  C r a t e r  S t a t i s t i c s .  Journal of Geophysical 
Research, - 67 (12) ,  4787-4794, Nov. 1962. 

Friesen, D. Do, Intersections of Lunar Craters, Lunar Crater 
Project, R e p o r t  No. 6, Sept. 1963, NASA G246-62. 

Goulden, Methods of S t a t i s t i c a l  Analysis, John Wiley & 
Sons, 1952. .. 

Baldwin, Ralph, The Measure of the  Moon, Univ. of Chicago 
Press, 1963. 

Hawkins, Gerald S., Impacts on the Earth and Moon, Re- 
search R e p o r t  No.  3, NASA G246-62. 



- 19- 
APPENDIX A 

6 Crater counts, normalized to 10 Km2 used in this report', 

Diameter 

@5 

80 
70 
60 
c n  

45 
40 
35 
30 
25 
20 
15 
10 
8 
4 

4-  

13.06 
19 . 60 
19.60 
45272 
65 32 
71.85 
84.91 
104.51 
143 ,, 70 
202,48 
267.80 
467.81 
613.98 
1861 50 

Cumulative Number 

C6 

10027 
15 41 
20.54 
41 09 
61 . 63 
a1091 
97,59 
133,54 
164.36 
215.72 
282 . 49 
477 66 
6O6,O6 
1448 ,, 40 

Based on counts in sample areas; 

Section 

c5 

C6 

c7 

Area 

-1531 x lo6 Km2 

.1947 x lo6 Km2 

03359 x 106 Km2 

c7 

17086 
26,76 
32.75 
50.61 
53,39 
65,50 
83-36 
110.15 

202.44 
306,64 
518 02 
607.33 
1449.80 

145 0 88 


